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Abstract: We study the H 1 -projective spaces . We prove that they have the Analytic Radon-Nikodym 
Property , and that they are cotype 2 spaces which satisfy Grothendieck's Theorem . We show also that the 
ultraproduct of H 1 -projective spaces is H 1 -projective. Other results are also discussed. 

1. Introduction, preliminary notation and definitions 

Let T> — {z £ C : \z\ < 1} be the open unit disc and let dm be the normalized Haar measure on its 
bounday T. Let X be any complex Banach space and (Q,A, P) be any measure space. For p G [1,+co] 
we denote by L p (fl;X) ( or L p (£l, A, P; X) if necessary) the space of all strongly ,4-measurable functions 
/ : £1 — ► X such that H/I^ppn < with 

i/p 

and with the habitual changes in the case p = +oo. 

If / is a set then, £ P (I) denotes the Banach space L P (I, v), where v is the counting measure. And if I is 
the set {1, n}, the corresponding space is denoted £P . 

We will denote by H p (X)the space of all analytic functions / : T> — ► X such that H/H^wx) < +oo, 

with 

\\f\\HP{X) = Su P {ll/r|| LP(T;X) : < r < 1} 
and f r {t) = f(rt), for all t G T and all r £ [0, 1[. 

We will also denote by H P (X) the closure in L P (T;X) = L P (X) of the set of all AT-valued analytic 
polynomials: 

V+(X) = 1 jTz k x k ;n £ N,z £ T and x k £ X \ . 

I k=0 ) 

The corresponding spaces of scalar functions are denoted simply L p and H p . 

These definitions also make sense for p £]0,1[ , but we only obtain quasi-Banach spaces instead of 
Banach spaces . 

If p > 1, then using the Poisson kernel we see easily that H P (X) can be identified with a subspce of 
H P (X), but in general H P (X) ^ H P (X) . However, when < p < +oo , equality occurs if and only if X has 
the analytic Radon-Nikodym property. For references and more information on this property see [El], [E2] 
and [GLM]. 

If X and Y are two Banach spaces then C(X, Y) denotes the space of all bounded operators from X 
into Y. A norm one operator u £ C{X, Y) is A-surjective, if for every y G Y of norm smaller than one, 
there exists x £ X of norm smaller than A such that u(x) — y. A norm one operator is said to be a metric 
surjection, if it is (1 + e)-surjective for every e > 0, i.e. if its transpose is an isometric embedding. 
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If T e C(X, Y) is an operator, then the formula 




z a k 



) 



n 



defines an operator T e C(H P (X), H P {Y)) of the same norm . 



We recall the definition of the projective tensor norm ||.|| A on X ® Y. 



VueX®Y ||«|| A =Inf^||a: fc ||||yfc 



where the infimum runs over all possible representations of the form u = J2k=o x k ® Uk , x k ^ X and 



We denote by X®Y the completion of X®Y equipped with the projective norm . The resulting Banach 
space is called the projective tensor product of X and Y (cf. [G1],[G2]). 

Let Jx.y be the natural linear operator of norm one from H 2 (X)®H 2 (Y) into H 1 (X®Y) defined by 



we also consider the induced opertor jx.y from H 2 (X)<S)H 2 (Y) into H 1 (X^)Y) . 

It is almost clear that if X or Y is an i 1 -space, then Jx,y (resp.jxy) is onto, i.e. A-surjective for some 
A; this is a simple consequence of the scalar case. On the other hand , if X and Y are Hilbert spaces then 
Jx.y is a metric surjection; this is a classical result due to Wiener-Masani in the finite-dimensional case, and 
to Sarason in the infinite-dimensional case. Recently G.Pisier in [P3] has generalized the preceding results 
by proving the surjectivity of jxy, if the considered spaces have type 2, or if they are 2-convex Banach 
lattices. For a more detailed discussion see [P3]. 

The urgent question was then to find Banach spaces X and Y such that jx.y is not onto. This was 
answered in our earlier paper [K] , where H 1 -projective Banach spaces (see definition below) were used in 
an essential way. Indeed ,the role played by i? 1 -projective Banach spaces can be clarified by the following 
proposition from [K]. 

Proposition. Let X and Y be H^^-projective Banach spaces. Then the following assertions are equivalent: 
i. X®Y is an ^-projective Banach space. 
H- jxy is onto. 

This suggested to us to make a somehow systematic study of H 1 -projective Banach spaces, and this is 
the purpose of this paper. Before describing the organization of the paper let us recall some facts which will 
be frequently used in the sequel. 

The following result comes from [HP] . 

Proposition 1.1. If o e C(X,Y) is a (metric) surjection then the following assertions are equivalent, 
i. There exists p G [1, +oo] such that the operator u : H P (X) — > H P (Y) is a (metric) surjection. 
ii. For all p e]0,+oo], the operator u : H P (X) — ► H V (Y) is a (metric) surjection. 

We will also need the principle of local reflexivity [LR]. The following formulation comes from[D]. 



Vk e Y. 



Jxy{f®g)(z) = f(z)®g(z) 
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Proposition 1.2. Let X be a Banach space, and let F and G be finite-dimensional subspaces of X* and 
X** respectively then for every e > there exists an isomorphism T : G — > T(G) C X with the following 
properties : 
i. For every x e X n G we have T(x) = x. 
ii. llTll.jlT- 1 !! < 1 + e. 

Hi. For every y e F and every x e G we have (y, x) — (y, T(x)). 
Let K n denote the Fejer kernel denned by 

1 / sinng/f 2 
Kn{6) ~ n [^nTej2 

We recall that the De La Vallee-Poussin kernel V n , r is defined by 

_ rK rn - Kn , 2 o 
r — 1 

It is easy to see that V n ^ r (k) = 1 if \k\ < n and V n ^ r (k) = if |fc| > rn, one also has || V^, jT -|| j_ < j^j. The 
convolution operator / — > / * V^ iT . will be denoted <fr n ^ r . See [Z] for more information on this topic . 

For any other Banach space terminology, we refer the reader to any general treatise on Banach spaces 
like [LT]. 

Let us now describe the organization of this paper. 

In section 2. we give several equivalent formulations of the H 1 -projective property. 

In section 3. we relate the i? 1 -projective property to martingale inequalities and prove that in an H 1 - 
projective space X, Hardy martingales valued in X converge unconditionally and that such a space has the 
analytic Radon-Nikodym property. 

In section 4. we prove that -ff^-projective spaces have cotype 2 and satisfy Grothendieck's theorem. 

In section 5. we show that the ultraproduct of 7? 1 -projective spaces is also i? 1 -projective. 

Finally in section 6. we give some examples of i? 1 -projective spaces. 

2. H 1 -Projectivity, equivalent formulations 

If F is an element of the tensor product H 1 ®X, then for every representation hk ®Xk of F we have 

n 

W F Wm(x) ^^2\\ h k\\m\\ x k\\x 

k=0 

hence for every F in H 1 ® X the following inequality holds 

H-^IISHx) ^ W F Wm®x- 

So we always have a norm one inclusion H 1 <E>X <—* H 1 (X) . 

Let us then make the following definition: 
Definition 2.1. A complex Banach space X is called ii/^-projective if the canonical inclusion map H 1 ®X 
H 1 (X) is surjective. 

Equivalently, X is iJ 1 -projective if there exists some constant c such that 

VFeH^X, \\F\\ H1§X < c\\F\\~ 1{x) (2.1) 

The smallest constant c satisfying (2.1) is called the iJ 1 -projectivity constant of X, and will be denoted 
V (X). 

This property was already introduced in our earlier paper [K] . In what follows we give some character- 
izations of i? 1 -projective spaces and H 1 -projective dual spaces. 

The following proposition characterizes i/ 1 -projectivity in termes of the possibility of lifting X-valued 
analytic functions. More precisely we have: 



Proposition 2.2. Let X be a complex Banach space. The following assertions are equivalent : 
i. X is H 1 -projective. 

ii. There exist a constant X and a metric surjection a : l x {I) — > X such that b : — ► H l {X) is a 
X-surjection. 

Hi. Every surjection p from some Banach space Y onto X induces a surjection p : H 1 (Y) — > H 1 (X). 
Moreover, the smallest X satisfying ii. is equal to n(X). 

Proof : Note that if Sx is the unit sphere of X then the operator a e C(£ 1 (Sx), X) defined by 

v{{a x ) xeSx ) = X! ax ' x 

is clearly a metric surjection. Now since we always have € 1 (/)(X>i7 1 = 0}(I, H 1 ) = it is immediate 

that Imcf = H l ®X. 

i. ^ ii. This is obvious using the preceding observation. 
Hi. => ii. Clear. 

ii. Hi. Using the lifting property of 1 if p : Y —* X is any if-surjection, we can find v : £ (I) —> Y 
such that pov = a and ||u|| < K. 

Let / € Since a is a A-surjection, we can find g € with a(g) = / and ||g|| < A||/||. 

Consider' then h = v(g) € H X (Y) obviously p(h) = / and \\h\\ < XK \\f\\. □ 

Remark. We can replace in the preceding proposition H 1 by H p for any p e [l,+oo], this follows from 
proposition 1.1. 

Proposition 2.3, below, expresses H ^projectivity by means of the possibility of extending some operators 
defined on H 1 . To this end we need the following notation. We will say that an operator u € ^(L 1 ,^) 
(resp. /^(-ff 1 ,^)) belongs to Cf^^X) (resp. LpiH 1 , X)) if there exists a positive integer k u such that 
u ( e *™(-)) = o for every n £ [—k u , k u ] (resp. n > k u ). 

Proposition 2.3. For every complex Banach space X, the following assertions are equivalent : 
i. X is H 1 -projective. 

ii. There exists A > such that every v e ^(i/ 1 ,^*) has an extention v € C^^X*), i.e. v\ H i — v, with 
\\v\\ < X\\v\\. 

Hi. There exists A > such that every v € Cf^ 1 ,X*) has an extention v £ Hf{L x ,X*), with \\v\\ < X\\v\\. 
Moreover, the smallest constant satisfying ii (resp. Hi) is equal to rj(X). 

Proof : i. H. This is just duality. Indeed, letting / : H^-f&X — > H 1 (X) be the canonical inclusion map, 
i? 1 -projectivity of X is by definition the statement that I is an isomorphism or equivalently that I* is an 
isomorphism. But 

(H^X)* = C(H\X*). 

And 

(H^X))* = 

with [H^X)} 1 - = {v e C(L\X*) : ^1=0}. 

So i? 1 -projectivity of X is equivalent to the statement that 1Z : ^(X 1 ,^*) — ► C(H 1 ,X*) : v t— » v\ H i is 
onto and this is ii. 

ii. => Hi. => i. This is easy using the operators <&„ jr (see section 1). Details are left as an exercise to the 
reader. □ 

In the next theorem we show that X is H^-projective if and only if every operator in C{X* , H°°) factors 
through some £°°(/)-space. 

Theorem 2.4. Let X be a complex Banach space. The following assertions are equivalent : 
i. X is H 1 -projective. 

ii. There exist a constant K and an isometric embedding j : X* — > £°°(I) such that every operator 
u e C(X*,H°°) extends to an operator u <G £(l°°(I), H°°) with iioj = u and \\u\\ < K\\u\\. 
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Hi. There exists a constant K such that for every isometric embedding I : X* — ► Z of X* into a Banach 
space Z; every operator u G C{X* , H°°) extends to an operator u G C(Z,H°°) with uol = u and 
\\u\\ < K\\u\\. 

Proof : i => ii. By Proposition 2.2 and Proposition 1.1 wc can find a metric surjection a : — > X such 
that a : B.°°{l x (T)) -> H°°{X) is a i^i-surjection for some K x . Cleary j = a* : X* -> f°(J) is an isometric 
embedding. 

Consider u G C(X*,H°°) and put u n = $„,2°u where $„ j2 : — » H°° :/>->/* K,2- Obviously u„ 
takes its values in the span of {e lfc (-)}o<fc<2n so we can find, for each n, a sequence Xq"\ —,x^ such that 

2n 

Vx*gX*, u„(x*) =^a;*(4 n) )e ifc( - ) 

fc=0 

So if /„ = J2kL e ifc (-)4 n) G Jf °°(X) we obtain 

||/„|| 5oo = IKII < HIIK^II < 3|H| (2.2) 

and 

Vx*eX*, u n (x*) = x*(f n ). (2.3) 

Using the hypothesis we can find g n G H°°(£°°(I)) such that 

o"(5n) = fn and ||#„|| < Ai||/„||. (2.4) 

Define u n G C{t°°{I), H°°) by u„(z*) = z*{g n ) for every z* G (^(J))* = £°°{I). Obviously by (2.4) and 
(2.2) we obtain 

Vn, u n oj = u n and < 3-Ki||u||. (2-5) 

Let now U be a non trivial ultrafilter on N. Using the fact that (L 1 /H 1 )* = H°° , wc can define for each 
t G £°°{I) the following limit in the weak—* topology u(t) = lirn^u n (t). We conclude immediately that 
u e C(£°°(I), H°°) with ||u|| < 3ifi||u||. On the other hand, for each x* G X* and each / G L 1 we have 

(u°j(x*),f) = lim (u n oj(x*),f) 
= lim (u n {x*)J) 
= lim (V n , 2 *u(x*),f) 
= lim (u(or*), K.2 * /) 
= (u(x*),f)- 

The last equality holds since {/ * V n ^} n converges to / in the L 1 -norm. We conclude that uoj — u and ii. 
follows. 

ii. => Hi. Let I : X* — > Z be an isometric embedding, then by the Hahn-Banach theorem we can find 
j : Z -> f°(7) such that JoZ = j and = ||j|| = 1. 

Consider u e C(X*,H°°), there is ui G C(£°°(I),H°°) such that uioj = u and ||tti|| < Define 
then u = uioj e C(Z,H°°). Clearly uoZ = u and ||tt|| < 

Hi. => «. Let ct : I 1 {I) X be any metric surjection. We will show that a : iJ°°(^ 1 (/)) — ► H°°{X) is a 
surjection. This implies the result, by Propositions 1.1 and 2.2 . 

Let / e H°°(X), and consider the operator u : X* — » if 00 defined by = £*(/). Clearly = 

an( i ^ we can nn d " : £°°{I) — » such that 

uoa* — u and < = ^||/||^oo(x)- (2-6) 

Let ej G £°°(I) be defined by ej(j') = if j ^ i and ej(j) = 1 if j = i, and put = w(ej) G if 00 . It is easy to 
see that g = (g l ) l <=i G H 00 ^ 1 ^)) and that 

V«* e (/))*, u(«*) = r( ff ) 

moreover, ||fl|l5oo(^i(n) = ll^ll — ^ (2-6)- On the other hand, the equality uoa* = u from (2.6) 

is equivalent to a(g) = f. This completes the proof of the theorem. □ 
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In what follows we give a characterization of H 1 -projective dual spaces. 

Proposition 2.5. Let X be a complex Banach space. The following assertions are equivalent : 
i. X* is H 1 -projective. 

ii. There exists a constant A such that every operator v G £p{H 1 , X) has an extention v G £f(L 1 , X) such 
that \\v\\ < X\\v\\. 

Moreover, the smallest A satisfying ii. is equal to r](X*). 

Proof : i. => ii. Let j : X — > X* be the natural embedding. Consider v G £f(H 1 , X) and e > 0. 

By proposition 2.3. Hi there exists an extention v\ G ^(L 1 , -X"**) of jov such that ||ui|| < A||u||. 

Let G = Im v\ C X** and F = {0}; using the local reflexivity principle (see Proposition 1.2), we find 
T : G — > X such that ||T|| < 1 + e and T\cnx = id\anx- So if we put v = Tovi, we obtain v G £f(L 1 , X) 
such that ||u|| < (1 + e)A||w|| and v\ H i = v. This last equality comes from the fact Im Vii H i cGfll. 

ii. =^> i. We need the following lemma. 

Lemma. The set {v G £f(H 1 ,X) : \\v\\ < 1} is dense in the unit ball of£(_ff 1 ,X**) with respect to the 
weak-* topology (i.e. <j{£{H x , X**), H 1 <g> X*)). 

Proof of the lemma : If the lemma is false, then by the Hahn-Banach theorem, we can find u in the closed 
unit ball of £{H X , X**), f in iJ 1 ®^*, and e > such that 

Vv G Cf(H\X), \\v\\ < 1 => Re((u,f) - (v,f)) > 4e (2.7) 

Since the set of analytic X*-valued polynomials V+(X*) is norm-dense in H^-^iX*, we can find g = 
J2o e<fe(0 b k e V+(X*) such that (2.7) becomes 

Vv G £ F (H 1 ,X), \\v\\ < 1 => Re((u,g) - (v,g)) > 2e (2.8) 

Define r > 1 by the condition 

^\(u,g)\<e (2.9) 

and consider u\ = ^j-uo$„ ir (see section 1 for the notation), clearly u\ G £f(H 1 , X**) and ||ui|| < ;rp§|M| < 
1. Moreover, using (2.8) and (2.9) we have for every v G £p(H 1 ,X) of norm smaller than one: 

3 

Re({u u g) - (v,g)) > Re({u,g) - (v,g)) — \{u,g)\ > s. 

r + 2 

So we have found u\ in the open unit ball of £ F (H 1 , X**) and g = J2o eiK) b k e T+(X*) such that 

Mv G £ F (H 1 ,X), \\v\\<l=>Re({ui,g)-{v,g))>e. (2.10) 

Consider now the finite-dimentional spaces 

F = Span{6 fe : < k < n} C X* and G = Span{ui(e ife( ) ) : k > 0} C X** 

By the local reflexivity principle there exists an operator T : G — > X satisfying 
i- T\Gnx = id\Gnx- 

imi < ftit- 

in. Vy G F, VzgG, (z,y) = (T(z),y). 

We define then v G £f{H 1 1 X) by u = ToUi. It is easily seen that ||v|| < 1 and (u\,g) = (v,g). This 
contradicts (2.10) and proves the lemma. □ 

We can now finish the proof of ii. => i. Take / = e lk ^ au an element of H 1 (g> X* , then the following 
holds 

\\f\\m®x* = Sup{|<«,/)|: ue£(H\X**), HI < 1} 
= Sup {|<«,/>| : ue£ F (H\X), \\u\\<l} 
<M\fh HX ,y 

the second equality comes from the lemma, and the last inequality comes from the hypothesis. This, of 
course, achieves the proof. □ 
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Corollary 2.6. A complex Banach space X is H 1 -projective, if and only if, X** is H 1 -projective . Moreover, 
V (X)=r)(X**). 

This is a direct consequence of Proposition 2.3 and Proposition 2.5. 

Remark. Let j : X — > £°°(J) be any isometric embedding, then a = j* : (£°°(J))* — > X* is a metric 
surjection. Since (£°°(J))* is an abstract L 1 -space, it is isometric to some Now if X* is iJ 1 -projective, 

then a : i?°°(L 1 (^)) — » H°°{X*~) is a surjection. But using the fact that <r = j* and a remark from [HP] we 
see that a : H°°(L 1 (fi)) — > H°°(X*) is also a surjection. So we obtain the follwing : 

X* is i/ 1 -projective, if and only if, there exists a metric surjection cr : — » X* such that u : 
H^iL 1 ^)) -» H°°(X*) is a surjection. 

Note that this does not follow from corollary 3.2 below. 

3. Martingale inequalities in H 1 - projective spaces 

Let us start this section by recalling some definitions and notation about Hardy martingales. The notion 
of Hardy martingales appeared first in [Ga] , but was already implicit in [E2] . 

We consider the infinite dimensional torus T N and denote by n the nth coordinate of a point 9 in 
T N . Let (fl, A, P) denote T N equipped with its normalized Haar measure. We denote by A n the cr-algebra 
generated by (9i,...,9 n ) on T N . Let (M„)„> be a sequence in A, P; X) which is a martingale with 

respect to the sequence of cr-algebras (A n ) n >o- We will say that (M„) n >o is a Hardy martingale, if for each 
fixed 61,62, ■■■,0 n -i the function 

0^ M n (0i,...,0 n -i,0) (3.1) 
is in H 1 (X). Let dM n = M n — M n _i for n > l,and dM = M . Equivalently we require that dM n satisfies 

Vfc > 1 f dM n (0i, ...,9 n _i,0) e lke dm{0) = 0. 

Finally, if the function in (3.1) is always of the form x + e t6 y for some x, y € X, then (M„) n > is called an 
analytic martingale. 

The following proposition is a combination of results from [GM] and [HP] . 

Proposition 3.1. Let X be an ^-projective space. Then every ^-bounded X-valued Hardy martingale 
satisfies 



< 2?7(X)E||M m ||. (3.2) 



Vm>l, ]T(E||dM n ||; 

_n=l 

Proof : It is sufficient to prove the result for Hardy martingales (M„)„>o whose differences dM n (6i, ...,0^ 
are X-valued trigonometric polynomiales in the variables 0i,...,9 n . So we assume this in the sequel. 

Let e be an arbitrary positive number, and m a positive integer . By a result of [GM] there exist an 
analytic function F : V — > X, a continuous function p : T — > T N , and an increasing sequence < r < ri < 
... < r n < ... < 1 such that 

oo 

1. p*{dm{0)) = ® dm(0 n ) 

n=l 

(3.3) 

2. F(0) = M 

3. Vn,V0 e T, \\F(r n+ ie l9 ) - F(r n e i$ ) - dM n+ i(p(9))\\ x < e 

Define then G{0) = F(r m e t0 ), so that we have G € i? 1 (X). On the other hand, by Proposition 2.2, there 
exists a metric surjection o : f x {J) — > X such that u : i? 1 (£ 1 (/)) — > H 1 (X) is an 77(X)-surjection . So we can 
find G e H 1 ^ 1 ^)) satisfying 

?(G) = G and |g|^ < v(X)\\G\\ Sl{x) (3.4) 
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Let P r be the Poisson kernel, and let G r denote G * P r . We know using a result from [HP] that 



E \\Gpn+l ~ Gpn 



< 2 



G 



< 2 



G 



for every sequence po < Pi < ■■■ < Pm < 1- 

Using (3.4), we can go back to G and obtain 



/ m— 1 



E \\ G Pn + i-Gp»\\H H x)) <2r/(X)||G||~ 1 



,n=0 



Taking p — for < n < to, we can write (3.5) as follows 

"m— 1 y „ s 2" 

E / ||^K + ie^)-F(r„e lf, )|| x dm(0) 



n=0 



< 



2„(X) / ||F(r ro e*>)|| x dm(0) 



taking into account (3.3) we conclude that 



m— 1 / „ 

S (X 



||dM n+1 (p(0)) \\ x -e\ dm{8) 



j2(n\dM n+ i\\ x y< 



< 2n(X) f (\\M m (p(e)) \\ x +me)dm(6) 

Jt 

< 2f ? (X)E||M rn || Jf + (2 V (X)m + ^R)e 



Since e is arbitrary we obtain (3.2) by letting e — > 0. 



(3.5) 



Following Xu in [X], a quasi-Banach space X will be called Hardy-convexifiable, if it has an equivalent 
quasi- norm ||.|| x such that, for some p > and c > 0,we have 



y.fev + (x), \\f(o)\\ p x + c\\f-f(o)\\ p H1{x) 



< 



\h 1 (x)- 



It is shown in [X] that if a Banach space X satisfies a martingale inequality like (3.2), then it is Hardy- 
convexifiable and in particular it has the analytic Radon-Nikodym property. So we have the following 
corollary. 



Corollary 3.2. Every H^^-projective Banach space X has an equivalent Hardy-convex quasi-norm. In 
particular X has the super-analytic Radon-Nikodym property. 

Using this corollary, one sees that the H 1 -projectivity of X is equivalent to the apparently stronger 
property : H X ®X = ^(X). 

In order to state the next proposition we need to the following definition. 

Definition 3.3 (Gaj. We will say that X has the property U.H.M.D. (Unconditionality of Hardy Martingale 
Differences), if there exists a constant K such that for every Hardy martingale (M„)„> and every choice of 
signs e G {+1, — 1} N , we have 



Vm, 



E 



n=0 



< KE\\M. 



mux- 
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Theorem 3.4. Every H 1 -projective Banach space X has the property U.H.M.D. 



Proof : The proof is decomposed into two steps which involve classical arguments. We first prove the 
following: 

Step 1. Let X be a complex Banach space. Suppose that there exist two sequences of integers (a„)„>o 
and (A„)„>o such that Vn a n X n < a n +i, linin^oo A„ = +00: and that there exists some constant K, such 
that for every function f G H 1 (X) satisfying f(n) = 0, Vn ^ U/Jeifc, XkO-k] and for every e G { + 1, — 1} N , the 
following inequality holds 



E £ » E /»< 

n=0 \a„<r<A„a„ 



ir(.) 



< K WfWm ( xy 



(3.6) 



HHX) 



Then X is U.M.H.D. 

Proof of step 1: Consider the Hardy martingale (M„)„> defind by 

dM = M , 

dM n = ^ ^n,pi,.., P „ exp I i^Pkt 

(pi,-.,Pn)eA n \ fe=i 



(3.7) 



where ^4„ = {(pi, ..,p n ) € Z" : p n > and Vfc < n \pk\ < r„}. It is clearly sufficient to prove the result 
for such martingales. 

We construct inductively two sequences of integers (/U„)„>i, (£ n )n>i satisfying: 
1- {(-n)n>i is strictly increasing. 



2. V n,V (pi, ...,-»„) e A„ we have < ^/JfcP/c < M n a t n 



(3.8) 



fe=i 



To start the induction we find l\ satisfying > n and put /ii = ag 1 , so that < jtii < ri/ii < X^fii. 
Suppose ^1, ...,£„_i;/xi, ...,/i n _i are already constructed. Since lim^oo A„ = +00, we can find l n > 
max (r n ,f n _i) such that 

)n— 1 
o/ B >2 + (r„ + l)^ Mfe . 
fc=i 



This yields that 



So we can find /i„ such that 



fe=l 



fc=l 



Equivalcntly, 



fe=i 



"« S [a< n + r n — ft£ n - /jfe] n 



fc=l 



+ r n ^ < Mn < < 



fc=i 



n-l 

r n E 
fc=i 



This gives (3.8), and achieves the construction. 

Now, fix 6 = (0 n ) n >i G T N and consider 77 1— > G m (0, 77), 7/ e T defined by 

G m (9, r?) = M m (6»i + /ii7?, 9 n + fi n r]). 
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Using (3.8), it is easily seen that G m (Q, .) is an element of satisfying the hypothesis of step 1. So for 

every e G {+1, — 1} N , we have 



E £ ™ yZ M n,pi,~,Pn ex P i^2pk(0k + VkV) 



n=0 



k=l 



dm( V )<K / \\G m (e, V )\\ x dm( V ) 



x 



It is then sufficient to integrate with respect to 6 and to use the translation invariance of the Haar measure 
on T N to obtain 



E 



J2 e « dM « 



n=0 



< KE\\M, 



X 



Step 2. For every H 1 -projective space X and every sequence (A„)„>o such that lim^oo A„ = +oo, 
there exist a sequence (a„)„>o such that Vn, a n +i > \ n a n , and a constant K, with the following property: 
for every function / <E H 1 (X) satisfying f(n) = 0, for all n £ Ufc[afc, Xkak] &nd for every e € { + 1, — 1} N , we 
have 



E e « E 



ir(.) 



n=0 



va n <r<\ n a n 



(xy 



m(x) 



This step is proved just as in the classical case of X = C. See for instance [CW. Theorem 2.1]. □ 
4. H 1 -projectivity, Grothendieck's theorem and cotype 2 spaces 

Let us first recall some basic definitions. We refer the reader to [PI] for more details and other references. 

Let G = { + 1, — 1} N , let \i be the uniform probability measure on G, and let e„ : G — > {+1,-1} be 
the n th coordinate . A Banach space X is said to be of cotype 2, if there is a constant c such that for all 
x\, x n in X we have 



1/2 



Mix 



< c E 



k=l 



1/2 



X I 



We denote C2(X) the smallest constant c for which this holds. 

We say that an operator u e C(X, Y) is 1-summing, if there is a constant c such that for all x\, x n in X 
we have 



£ ||«(a*)lly < c Sup J £ |(C,x fc )| : ^T, ||^|| < 1 



fe=i 



,fc=i 



We denote tt\ (u) the smallest constant c with this property. 

We can now give the following definition. 
Definition 4.1 [PI]. We will say that a Banach space X satisfies Grothcdieck's theorem (in short G.T.) if 
every operator from X into a Hilbert space is 1-summing. 

We will show that i? 1 -projective spaces are G.T. spaces of cotype 2. To this end, we will use the 
following result [PI, Theorem 6.8] . 

Proposition 4.2. A Banach space X is a G.T. space of cotype 2, if and only if, there are a metric surjection 
o : I 1 {I) — > X and a constant c such that for every x\, x n in X there are x\,...,x n in ^(I) such that 



Vfc < n, <j{xk) — Xk and 



Let us make some comments. A result from [P2] says that there exist numerical constants a, (3 > 
such that for every complex Banach space X, the following holds: Vxi, ...,x n G X 



n 

£kXk 


< cE 


n 




(4.1) 


Zc=l 




k=i 


X 





/3E 



n 




n 




n 




E £kXk 


<-j 




dm(9) < aE 


E £kXk 




k=i 


x Jr 


k=i 


X 


k=l 


X 



10 



So we can replace (4.1) by 



k=l 



< C 



HHtHi)) 



k=i 



(4.1)' 



m (x) 



On the other hand, let X be a complex Banach space and let S be a subspace of some L 1 . Denote by S(X) 
the closed subspace of L X (X) generated by S <£> X. Clearly there is a canonical embedding S®X S(X). 
We say that X is 5-projective if this map is an isomorphism. Let Rad 1 be the closed span of {e n : n > 1} 
inL 1 ^). 

Now, if we put S = H 1 , we obtain H 1 -projective spaces whereas; if S is either Rad 1 or cquivalently 
span{e i3 ™( ) : n > 1} then, by Proposition 4.2 we obtain precisely G.T. spaces of cotype 2. 

These remarks explain the analogy between iJ 1 -projective spaces and G.T. spaces of cotype 2, and are 
also behind the proof of the following theorem . 

Theorem 4.3. Every H 1 -projective Banach space is a G.T. space of cotype 2. 

Proof : Our proof does not use the result of [P2] but, instead, the following well-known lemma, whose proof 
is elementary and omitted. 

Lemma. If f is a continuous function, f : T p+1 — > C then 

lim / f{6 1 n6 1 ... 1 n p 6)dm{6) = / f (9 , 6 P ) dm{0 )...dm{6 p ). 

n^oojj Jtp+i 

Let X be an H 1 -projective Banach space. Then there exists o : I 1 (J) — > x such that a : i/ 1 (^ 1 (J)) — ► 
H X {X) is an r;(X)-surjection. 

Let x\, x m S X, using the lemma we find n > such that 



x k 



dm{6) < 2 



/ 

J jr. 



fe=i 



dm(6i)...dm(6 m ) 



But the function /(0) = £7 e"^ x fc is in H\X) so we can find h = £~ e lp9 frp G H 1 ^ 1 ^)) with 

= / and ||% 1(/1(J)) < 77(X)||/||~ 1(X) 
For a fixed j e J , we have by Paley's inequality [Z, II. p. 121 ] 



p=0 



dm(9) 



(4.2) 



(4.3) 



(4.4) 



On the other hand, we have 



E 



^2e k h nk (j) 



fc=i 



< E 



E £fcft "*C?) 



fc=i 



2\ 2 



E 1^*^)1 5 



(4.5) 



vfe=l 



Putting together (4.4) and (4.5), and taking the sum over all j e J; we get 



E 



^ £kh n k 



k=l 



< 2| I% 1(£1(J)) 



(4.6) 



Let us define Xk — h n k e ^ 1 (J). Using (4.2), (4.3) and (4.6), we obtain Vfc < m, cr(xk) — Xk and 



E 



< 4r;(X)E 



fc=i 



E« 



(4.7) 
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But in general we always have 



E 



k=l 



< 2E 



x 



k=l 



So finally, we have proved that for every x\, x m in X there are Xi,...,x m in £ 1 (J) such that 



Vfc < m, a(xk) — Xk and E 



fc=i 



< 8r?(X)E 



y^gfc^fc 



fc=i 



A" 



This, by Proposition 4.2, proves that X is a G.T. space of cotype 2. □ 

Remark . One can deduce Proposition 3.1 from Theorem 3.5 and Theorem 4.3; this yields a proof that does 
not make use of the result of [GM]. 

Using deeper methods, we were able in [K] to prove the following theorem. 

Theorem 4.5. Every ^-projective space X can be isometrically embedded in an H 1 -projective space Y 
satisfying 

i. Y®Y = Y®Y. 

ii. Y* is a G.T. space of cotype 2. 

where Y®Y is the injective tensor product ofY byY. 

5. H 1 -projectivity, and ultraproducts 

The main result of this section is Proposition 5.4, which asserts that the class of ^-projective Banach 
spaces is closed under the formation of ultraproducts . We now give the definition. Let (Ei) iG j be a familly 
of Banach spaces . Consider the space £°°(I, (Ei) i& j) of families (xi)i e i with Xi G Ei (i e I) and 

\\{xi)iei\\ = Sup {\\xi\\ E . :iel}< +oo. 

£°°(J, (Ei)i e j) equipped with this norm is a Banah space . Let U be an ultrafilter on I and let Nu be the 
subset of all those families (xi) ie i e £°°(I, (Ei) ie i) with 

lim ||a;j|| E . = 0. 



u 



Obviously, Nu is a linear subspace of£°°(I, (Ei) ie j) and it follows by a standard argument that Nu is closed 
. Now we are ready to recall the following dehnition. 

Definition 5.1. The ultraproduct (J\Ei)/U of the family of Banach spaces (Ei)i & i with respect to the 
ultrafilter U is the quotient space £°°(I, (Ei) i£ i)/Nu equipped with the canonical quotient norm . 
For more about ultraproducts, we refer the reader to [H]. 

We fix the following notation. If X is a complex Banach space, let V„(X) denotes the set of analytic 
X-valued polynomials of degre < n : 



T n (X) = I ^ zka k z e T and a k G X 



<fc=0 



For a positive integer r we denote by A r the set {w* : k = 0, r — 1} of rth roots of 1, i.e. uj r — exp(-^). 
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Lemma 5.2. Let X be a complex Banach space . Then Vn > l,Ve e]0, l[,Vs > (l + [|] ) n, and V/ € "Pn(^0 
we have 

/ 11/(^)11^(0) <i J] ll/MH^^a-e)- 1 / ||/(e«)|| x rfmW 



The proof of this lemma can be found in [Z,Ch.X], we include it for the convenience of the reader 
Proof : Note first that if g = Y^™ m zk<lk with e X, then 

Vs > m, I g(e H ) dm{t) = - V 

Let now / be an element of V n (X), then for every r > 1 

/(e 4e ) = / * V n>r (6) = — J .f{e tt )V n , r {0 - t) dt, 
and using (5.1) we obtain that 

Vs > n(r + 1), f{e w ) = 1 £ /(e^ fe )V„, r (0 - ^fc). 

By (5.2), for every s > n(r + 1) we have 



fc=0 



s-l 



s-l 



S fe=o" x ZlTj ° \ s k=0 

but from the definition of the De La Vallec-Poussin kernel we have 



V n , r { — k-t) 

s 



dt 



s-l 



k=0 



V n A — k-t) 

s 



so using (5.1), we obtain easily that 



1 8-1 

fc=0 



V n , r { — k-t) 

s 



k=0 



< 



r + 1 

r - 1 



and replacing this majorization in (5.4), we get that for every s > n(r + 1) 



On the other hand, starting from (5.3) we have 

/ ||/(e^)L^)<iX:|/(e^)| / 

^^(i||«.*')L) 



" ) 1 1 x dt 



V ■ (o- —k) 

s 



dm{0) 



± r ^\- s E ll/Mllx- 



It is then sufficient to choose r — [|] in (5.5) and (5.6). 



(5.1) 



(5.2) 



(5.3) 



(5.4) 



(5.5) 



(5.6) 
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The following caracterization of H 1 -projectivity is more adapted to ultraproducts. 

Proposition 5.3. For n>2, let B n — Ai 2n and let X be a complex Banach space. The following assertions 
are equivalent, 
i. X is H 1 -projective. 

ii. There exist a constant c and a metric surjection. a : £*(/) —* X such that 

Vn>l, V/£P„(I), 3 fl eP 3 /(/)):%) = / and £ || ff (o;)|| /1(J) < c E \\f(u)\\ x . 

Note that by Lemma 5.2, for every complex Banach space Y, we have 
Vn>l, Vfte^nin ^ / ||Me* e )|| y dm(0) < E < 3 / ||/i(e*)|| y dm(0). 

Using this remark, the proof of Proposition 5.3 becomes very easy and is left as an exercise for the 
reader, in particular we can take c = 18n(X) in i. => ii. . 

Theorem 5.4. Let (Xi) ie j be a family of ^-projective Banach spaces such that 

1] = Sup {n(Xi) :iel}< +oo, 
then for every ultrafilterU on I the ultraproduct (T\Xi)/U is H 1 -projective. 
Proof : We know that for each i G I there exists a metric surjection m : ^ 1 (Ji) — ► Xi such that 

Vn > 1, V/ G P n (Xi), 3g G V in {l l {Ji)) : a^g) = f and E \\g(u>)\\ t i W < ^ E WfH\\ Xi (5-7) 

Moreover, we have Cj < Kr], where K is some numerical constant. 
Let L = (J|^ 1 (J i ))/W, we know (see [H]) that L is an L 1 -space. 

Let q . \\Xi ^ X = (J\Xi)/U (resp. q : Yi^i^i) ~ * /) be the canonical quotient map, and let 
a = {T\oi)/U : L — > X be defind by cr(g((a; i ) ie /)) = q(((Ji(xi))i & j) for all (xi)i e j G J| Xj. It is immediate to 
see that cr is a metric surjection. 

Fix now n > 1 and / = z fc afc G V n (X). By definition of the ultraproduct, for each fc € {0, n} wc 
can find (a k )i e i G £°°(/, (JQ)^/) which represents a*; G X. 

For iel, let denotes the element z fc a^, G V n (Xi) then for each zeTwe have f(z) = q((.fi(z))i e i). 
Consequently, for every oj G B n there exists I w eU such that 

g /„, < 211/mii^ , 

since lim^ ||/i(w)ll.x-- = ||/(w)|| x . Define then I n = n^gs^/^ G U, we obtain 

VzG/ n , Vc^gS„, < 2||/(w)|| x (5.8) 

Let us now define (b l k ) ie i by b\ = a\ if i G /„, and 6^. = if i £ I n . Put g t — J2o zk K e 'Pn{X i ). 
Clearly for each k < n we have = </((&fc)ie/), and by (5.8) we get 

Vie/, Vwe5„, IfliMllx, < 211/Mllx (5.9) 
Now using (5.7) we can find for each i G / an element /ij = J^g" z fe ^ G Vzni^iJi)) such that &i{hi) = gt 

and 

E II^MII/^jo < ^ E II^MIU ^ E ll/Mllx. ( 5 - 10 ) 

u£B„ u£B„ uGB„ 

where the last inequality comes from (5.9). 

On the other hand, it is clear that (t k )iei G £°°(I, {^{Ji^iei) therefore if we put t k — q{{t\)iei) G / 
and consider h = z>t tk G Vi n {L), we obtain a{h) = / and from (5.10), we deduce that 

E \\h(u>)\\ L = Vm E \\h i (u>)\\ tl(Ji) <2K V E ll/Mllx- 
the result follows now by another use of Proposition 5.3. □ 
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Remark. In fact we can show that 

V (([[XJ/u) < V = Sup { v {Xi) :iel} 

by refining upon the preceding arguments. 

Using this remark and the fact that X** is 1-complementcd in some ultrapower (]JX)/U of X, we 
obtain another proof of Corollary 2.6. 

6. Exemples and concluding remarks 

a. Every £ 1 -space is H 1 -projective. This can be seen directly, or by using Corollary (2.6) and the 
following fact from [LR] : the bidual of an £ 1 -space is isomorphic to a complemented subspace of an L 1 - 
space. 

This statement does not hold for the non-commutative analogues of i 1 -spaces Indeed, the trace class 
operator ideal C\ = £ 2 <E>£ 2 contains a complemented copy of £ 2 therefore C\ is not if ^projective. Note that 
C\, fails the U.H.M.D. property as it is shown in [HP]. 

b. It is known (c/. [B] ) that L 1 / H 1 is a G.T. space of cotype 2, but by a well-known conterexample 
we know also that L 1 / H 1 fails the analytic Radon-Nikodym property. So the convese of Theorem 4.3 does 
not hold. 

c. The next theorem provides us with non-trivial examples of -ff ^projective spaces, its proof was implicit 
in [BD], we sketch it for the convenience of the reader. 

Theorem 6.1. Let Y be a reflexive subspace of A, /i), then A, n)/Y is H 1 -projective. 

Proof : The proof is based on the following two facts : 

I. If (O, /j) is a measure space, then for every a G]0, 1[ the Riesz projection 3? is a continuous operator 
from L 2 (T, dm; L 1 (0, /i)) into L 2 (T, dm; L a (Q, fi)) . Sec [BD]. 

II. Let Y be a reflexive subspace of fi), then, modulo a change of density if necessary, the normes 
H-lh and ||.|| are equivalent on Y for some p > 1. See [R]. 

Using Fact II and Holder's inequality we see easily that 

Vyer, \\y\\ L1M < Cl \\y\\ L1/2M (6.1) 

Let q : L 1 ^, /i) — ► L 1 (f2, n)/Y be the quotient map, and consider an element / <E i? 2 (L 1 (fi, n)/Y) such that 
ll/ll_ff 2 (LV y ) < ^' ^ e can nn< ^ - 9 e ^ 2 {'^^m;L 1 (Sl, fj,)^ satisfying 

q(g) = f and Nli,2(i,i) < 1. (6.2) 

By Fact I, the negative Riesz projection 3?_ is bounded from L 2 (T, dm; L x {n, /x)) into L 2 (T, dm; L 1 / 2 (J7, /z)) . 
So using (6.1), we get 

W$t-{g)\\ L . (L y 2) < c 2 . (6.3) 
Since q($t-(g)) = ?R-(q(g)) = 0, we see that $t-(g) takes its values in Y, so by (6.1) and (6.3) 

II^-(5)IIl2(L1) < c l c 2- 

Therefore, if we put h = g — 3fJ_ e iJ 2 (L 1 (fi, zt)) we have 

^ (I + C1C2) = c 3 . 

Consequently, we have proved that for every / € iJ 2 (L 1 (r2, fj)/Y) there exists h € 7J 2 (L 1 (f2, /x)) such that 
q(/i) = / and 

(L 1 (/i)) ^ c 3|l/lliJ-2(Li/^)" 

the result follows now from Proposition 1.1 and Proposition 2.2. □ 

d. It might be of some interest to have estimations for the i/ 1 -projectivity constant of finite-dimensional 
spaces. 

Recall that the Banach-Mazur distance d(E, F) between two finite-dimensional spaces E, F, with 
dimE = dimi* 1 is equal to inf{||T||||T -1 ||}, where the infimum is taken over all isomorphisms T : E — > F. 

It is immediate that r](E) < d(E, F)t](F) for every pair of finite-dimensional spaces E, F of the same 
dimension. Therefore, we always have 

v{E)<d{E,el). (6.4) 

In fact we can also prove the following. 
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Proposition 6.2. For every p e [1, +00] and n > 1 we have the following 

in 1 - 1 /- < n{P n ) < d{tl, O < n 1 - 1 ^ (6.5) 

where r = min(2,p). 

Proof : The inequality d{P n ,l x n ) < n 1 - 1 ^ is classical. To see it elementarily take for T : l\ — > £P the 
operator defined by T(x) = x if p G [1, 2] and by T(x) = W n (x) (where W n is the matrix (ffljfc)i<j,fc<n with 
o jfc =exp[M(j_i)( fc _i)]) if pe [ 2 , +00]. 

Using Paley's inequality, we know that the operator u : H 1 — > £ 2 defined by u(ft) = (ft(3), /i(3™)) is 
of norm smaller than 2 . Therefore, 

Vge[l,+oo], ||ti|| £(J? i < 2max(l,n 1/9_1/2 ). (6.6) 

Let ei, ...,e„ be the canonical basis of l p n and consider / e i7 1 (^)) defined by /(&) = X^fe=i el3 '' 6 ' e fcj 
we have 

ll/lli^) =» 1/P - ( 6J ) 
Assume that i + i = 1. Using the duality (i? 1 ®^)* = C{B x ,l q n ) and the fact that 

n 

(/,«)= 5> fc ,«(e i3 *(->))=n 
fe=i 

we obtain 

n< l/lliji^ < 2max(l,n 1 /«- 1 / 2 )||/|| H1 ^ c , 

the last inequality comes from (6.6). On the other hand, if we use (6.7) and the definition of iJ 1 -projectivity 
we deduce easily that 

n < 2max(l,n 1 /«- 1 / 2 )r/(^)n 1 / p 

which yields the first inequality in (6.5) and proves the result. □ 
e. By the results of section 4. and a theorem of Pisicr [Pl,Ch 4], we see that an ^-projective space X 
having the approximation property and such that X* is also if 1 -projective must be finite-dimensional . So 
we will end our discussion by asking the following question : Can one remove the approximation hypothesis 
from the preceding statement ? 

Acknowledgements : The auther thanks Professor Gilles Pisier for pointing out this subject to him 
and for many stimulating discussions during the preparation of this paper. 
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